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The Capacitated Vehicle Routing Problem (CVRP) is extended here to handle uncertain arc costs without
resorting to probability distributions, giving the Robust VRP (RVRP). The unique set of arc costs in the
CVRP is replaced by a set of discrete scenarios. A scenario is for instance the travel time observed on
each arc at a given traffic hour. The goal is to build a set of routes using the lexicographic min-max
criterion: the worst cost over all scenarios is minimized but ties are broken using the other scenarios,
from the worst to the best. This version of robust CVRP has never been studied before. A Mixed Integer
Linear Program (MILP), two greedy heuristics, a local search and four metaheuristics are proposed: a
Greedy Randomized Adaptive Search Procedure, an Iterated Local Search (ILS), a Multi-Start ILS (MS-
ILS), and an MS-ILS based on Giant Tours (MS-ILS-GT) converted into feasible routes via a lexicographic
splitting procedure. The greedy heuristics provide the other algorithms with good initial solutions. Tests
on small instances (10-20 customers, 2-3 vehicles, 10-30 scenarios) show that the four metaheuristics
retrieve all optima found by the MILP. On larger cases with 50-100 customers, 5-20 vehicles and 10-20
scenarios, MS-ILS-GT dominates the other approaches. As our algorithms share the same components
(initial heuristic, local search), the positive contribution of using the giant tour approach is confirmed on
the RVRP.
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1. Introduction

The Capacitated Vehicle Routing Problem (CVRP) is a classical
combinatorial optimization problem raised by the distribution of
goods in logistic networks. Due to its important applications in
industry and its theoretical interest, it has generated an abundant
literature with two strong trends motivated by the lack of realism
of academic problems.

The first trend is to study rich vehicle routing problems which
combine many features from real applications. The other one is to
try to build robust solutions, less affected by the various uncertain-
ties encountered on the field. Several communities have their own
interpretation of robustness and propose various tools to evaluate

* Corresponding author.
E-mail addresses: erlyn.solano_charris@utt.fr,
erlyn.solano@unisabana.edu.co (E. Solano-Charris), christian.prins@utt.fr (C. Prins),
andrea.duhamel@utt.fr (A.C. Santos).

http://dx.doi.org/10.1016/j.as0c.2015.03.058
1568-4946/© 2015 Elsevier B.V. All rights reserved.

or achieve it, e.g., simulation methods, stochastic programming,
robust optimization and fuzzy logic.

Robust optimization is used here for a Robust VRP (RVRP) with
uncertain travel times modeled by a set of discrete scenarios. A
mathematical model, two constructive heuristics, one local search
and four metaheuristics are proposed to determine a set of routes
minimizing the worst cost (total cost of the routes) over all scenar-
ios. The paper is structured as follows. Section 2 gives a literature
review. The problem is specified and modeled in Section 3. The
lexicographic comparison of solutions is explained in Section 4. Sec-
tions5 and 6 present the greedy heuristics and the local search
shared by all our metaheuristics, described in Section 7. A compu-
tational evaluation is conducted in Section 8, before a conclusion in
Section 9.

2. Literature review

As avast literature is devoted to vehicle routing and robust opti-
mization, this section in four parts focuses on essential references
and recent works. The first part cites a few key-articles on the CVRP,
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the second one recalls the principles of stochastic and robust opti-
mization, the third part discusses the position of our work with
respect to published works on uncertain travel time while the last
part reviews the scant literature on robust VRPs.

2.1. The Capacitated Vehicle Routing Problem

The Vehicle Routing Problem (VRP) introduced by Dantzig and
Ramser [18] has become a central problem in distribution man-
agement. The aim of this NP-hard combinatorial optimization
problem is to determine a set of routes with minimum total
cost, to serve a set of customers with known demands using a
fleet of identical vehicles based at a depot node. Most authors
address the version with capacitated vehicles, called Capacitated
VRP (CVRP).

In addition to its industrial importance, the VRP has led to
hundreds of variants with additional attributes such as het-
erogeneous fleets of vehicles, multiple depots, multi-period
horizons, etc. It is also a laboratory-problem to test new ideas
in optimization. As quoted by Laporte [32], “The study of the
VRP has given rise to major developments in the fields of
exact algorithms and heuristics. In particular, highly sophis-
ticated mathematical programming approaches and powerful
metaheuristics for the VRP have been put forward in recent
years”.

The VRP has inspired a rich literature. A taxonomic review
published in 2009 by Eksioglu et al. [19] found 1494 papers
from 1954 to 2006 (included) in bibliographical databases, using
only “vehicle routing” as search expression. As the review of
a so vast literature is beyond the scope of this article, we
prefer to provide the reader with a few key-references on
the CVRP, before discussing robustness issues. The best entry
points, covering both exact algorithms, heuristics and applica-
tions, are the books by Toth and Vigo [53] and Golden et al.
[23].

A large number of exact and heuristic algorithms are avail-
able for the CVRP. Only relatively small instances with one
hundred customers can be consistently solved to optimality
by the best exact methods like the branch-and-cut-and-price
algorithm from Fukasawa et al. [21] and the more recent
and general approach proposed by Baldacci and Mingozzi
[4]. As many real instances are much larger, heuristics are
required to determine good solutions in reasonable running
times.

The simplest and fastest methods are constructive heuristics,
such as the famous savings method from Clarke and Wright
[15] A popular strategy consists in reducing the CVRP to the
Traveling Salesman Problem (TSP). In cluster-first route-second
methods, clusters of customers compatible with vehicle capac-
ity are determined then a TSP is solved to build a route in
each cluster. In the opposite and less common route-first cluster-
second approach, a TSP tour is partitioned into CVRP routes.
The interested reader will find many classical heuristics in two
surveys by Laporte et al. [33] et Cordeau et al. [17]. A recent
review by Prins et al. [48] covers route-first cluster-second algo-
rithms.

Concerning metaheuristics, the tabu search algorithms which
were the leaders in the 90s have been progressively super-
seded in the last decade by evolutionary algorithms [38,47]
and adaptive large neighborhood search [46]. The most effective
metaheuristic for the CVRP is currently a hybrid genetic algo-
rithm designed by Vidal et al. [54] and recently generalized to
26 VRP variants [56]. Vidal et al. [55] survey the state of the
art metaheuristics available nowadays for rich vehicle routing
problems.

2.2. Robustness in optimization

The word “robust” has various meanings in optimization,
automatic control and engineering. In practice, the data for an
optimization problem can be uncertain, inexact, noised, or likely
to change in future. An optimal solution computed using current
parameters can be strongly affected by perturbations, becoming
suboptimal or even infeasible. What most decision makers call
robust solution is a solution resisting as much as possible such per-
turbations.

Robustness can be addressed via stochastic optimization when
uncertainty has a probabilistic description. Two main approaches
are used to solve stochastic optimization problems. In chance-
constrained Programming, an optimal solution is calculated to
satisfy the constraints with a given probability. In stochastic pro-
gramming with recourse, some feasibility constraints are relaxed
and included in the objective function, assuming that violations
induced by random events after the implementation of first stage
decisions can be repaired by recourse actions. The goal is then
to minimize the expected cost for the two stages. As stochastic
optimization is not applied here, we recommend only three good
entry points: Birge and Louveaux [11] for an overview, Bianchi
et al. [10] about metaheuristics in stochastic combinatorial opti-
mization, and Gendreau et al. [22] on stochastic vehicle routing
problems.

Stochastic models are powerful but have three drawbacks: the
underlying probability distributions must be known, their con-
volutions must be computationally tractable, and the solutions
can become infeasible for some realizations of random events,
e.g., when recourse is impossible. Robust Optimization (RO) is a
more recent framework to handle uncertainty while avoiding these
drawbacks. This approach is no longer stochastic but rather deter-
ministic and set-based. According to Bertsimas et al. [8], “instead
of seeking to immunize the solution in some probabilistic sense to
stochastic uncertainty, here the decision-maker constructs a solu-
tion that is optimal for any realization of the uncertainty in a given
set”.

One branch of RO studies mathematical programs for which
tractable robust counterparts can be obtained and develops compu-
tational tools, see for instance Ben-Tal et al. [6] for a review. Other
authors like Kouvelis and Yu [30] or Aissi et al. [2] focus on com-
binatorial optimization problems and investigate the algorithmic
complexity of their robust versions. For instance, finding a shortest
path problem in a graph is a polynomial problem, while the robust
version with two scenarios for the arc costs is NP-hard, even in
layered networks [58].

Choosing an uncertainty set and a robustness criterion is crit-
ical when dealing with a RO problem. The uncertainty set can be
defined by a convex set, e.g. a polyhedron [6,8], or by an assign-
ment of plausible values to each model parameter, called scenario.
In interval scenarios, each parameter can take any value in a given
interval while in discrete scenarios considered in our study its pos-
sible values are explicitly listed. In practice, most companies record
archives or historical data which can be mined to provide realistic
scenarios.

Concerning robustness criteria, consider to fix ideas a mini-
mization problem with a feasible set X and a set S of p discrete
scenarios. Let flx, k) be the cost of solution x in scenario k, x;
an optimum for scenario k, and f its cost. The min-max version
[57] seeks a solution minimizing the worst cost over all scenarios,
ie., r)I(n)? nklasx{f(x, k)}. The lexicographic min-max version [44] uses

(S €.

the other scenarios, from the worst to the best, to break ties. The
lexicographic «-robustness [27] is similar but includes a tolerance
threshold « to avoid discriminating among solutions with similar

values. The min-max regret version min max{f(x, k) — f}, discussed
xeX  keS
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for instance in [3,12], aims at minimizing the maximum deviation
(regret) to the optimal solution values f, k=1, 2, ..., p. As robust
solutions are often too conservative, Bertsimas and Sim [9] propose
to limit the number of uncertain parameters allowed to deviate
from their nominal values to a number I, called budget of uncer-
tainty. Applied to the cost and constraint coefficients of a linear
or mixed integer program, their approach leads to a robust version
with a moderate increase in size. In particular, a 0-1 linear program
with uncertainties limited to the n cost coefficients can be treated
by solving at most n+ 1 instances of the original problem.

NP-hard discrete RO problems can also be solved using
classical exact approaches, such as branch-and-cut or Dantzig-
Wolfe decomposition, see examples in [12] for the min-max
regret criterion. A significant stream of research develops
heuristics with performance guarantees [2,3,28]. Surpris-
ingly, very few metaheuristics have been developed. For
instance, Nikulin designed a simulated annealing algo-
rithm for a robust spanning tree problem [41]. A few other
heuristics are cited in the next subsection on robust vehicle
routing.

2.3. Position of our work in the research on uncertain travel times

Our RVRP considers uncertain travel modeled by discrete
scenarios, each scenario defining one travel time for each arc.
The aim is to minimize the worst cost (total route duration)
over all scenarios, using a lexicographic method to break ties.
These scenarios do not correspond to realizations of random
variables and are not associated with probabilities of occur-
rence.

In practice, uncertainties can also affect demands (e.g., in
waste collection), service times (repairs), the presence of cus-
tomers (parcel delivery), and departure times (aircraft waiting
for good weather conditions). Apart from robust and stochas-
tic optimization, approaches such as constraint relaxation,
spare capacity in planned routes, simulation, and fuzzy logic
can be employed. For instance, strict appointments for cus-
tomer deliveries can be replaced by time windows to better
resist traffic perturbations, giving a VRP with time windows
[37].

A key-issue discussed by Gémez et al. [24] is the accurate
modeling of travel times. Most authors use additive probability dis-
tributions, e.g., normal [29] or gamma laws [50]. As travel times
often grow quickly from a minimum to a maximum and then
slowly decrease with a long tail, a lognormal distribution looks
pertinent [34]. According to Gémez et al. [24], an accurate dis-
tribution may not exist and a specific one must be chosen for
each problem and even each arc. These authors propose to use
phase-type distributions, which can approximate any positive and
continuous distribution while computing exactly their convolu-
tions.

Concerning the realism of our discrete scenarios, they can be
provided by the traffic control centers implemented in most large
cities, with two advantages: they correspond to real data and reflect
possible correlations among arc costs. We think interesting solu-
tions can be obtained if enough traffic records are considered. The
price to pay is a running time proportional to p log p for p scenarios,
as seen in Section 5. Anyway, in our opinion, the confirmation of
the accuracy of all models handling uncertain travel times would
require large-scale validations on real road networks, during a few
weeks at least, to see the real cost achieved on the field. Obviously,
such validations would be very costly.

Another problem is route feasibility. When travel and/or
service times are uncertain, a solution may be infeasible under
route-duration restrictions. For instance, the multi-start samp-
ling heuristic used in [24] is based on chance-constrained

programming: It minimizes the total expected duration of the
routes under service level constraints which keep the probability
of route failure below a small probability. Chen et al. [14] propose
one chance-constrained model and a second one allowing recourse
actions. Time windows can also lead to infeasibility. All published
works use soft windows and penalize their violations (early and
late arrivals at customers) in the objective function, e.g., [50]. We
notice that another possibility, not yet studied, would be to con-
sider hard windows and allow each vehicle to perform several
trips.

In our RVRP, the planned routes remain feasible in spite of
uncertainties. This situation is not common but we observed an
example in our city (Troyes), where the municipality sends techni-
cians to replace damaged bulbs of public lights. Routes are prepared
using average travel times but, due to traffic conditions, the actual
duration of the routes is often larger. The maximum daily working
time is not exceeded, but the uncertainties delay the allocation
of technicians to other tasks afterwards, like repairs in municipal
buildings.

Finally, a strong point of our approach is mentioned in Sec-
tion 4. The RVRP can be viewed as a multi-objective problem, each
objective being the total cost for one scenario. An optimum for our
lexicographic min-max objective is also Pareto-optimal for this
multi-objective version. As no other solution dominates it, it is
appealing for a decision maker.

2.4. Vehicle routing problems solved via robust optimization

The first robust capacitated problem, the CVRP with uncertain
demands, was studied only in 2008 by Sungur et al. [49]. These
authors consider demand vectors built as deviations around mean
values and three uncertainty sets defined as linear combinations
of these vectors (convex hull, ellipsoid, and box), following an
approach from Ben-Tal and Nemirovski for robust linear programs
[7]. The Miller-Tucker-Zemlin (MTZ) model for the CVRP, a mixed
integer linear program (MILP) with one binary variable per arc, can
be adapted to each set while confining the uncertainty to the right-
hand side of subtour elimination constraints. Tests with a MILP
solver for 15 to 100 customers and the convex hull version indi-
cate that robust solutions offer a good protection against uncertain
demands, with only a small extra cost over optimal CVRP routes.
However, most instances beyond 50 customers are not solved and
total demands exceeding 90% of fleet capacity lead in general to
infeasibility.

In a tutorial paper, Ordéfiez [43] shows that the MTZ model
for the CVRP can be modified to handle uncertain demands, travel
times, travel costs, or customers. His tests on small instances (12
clients) compare Sungur’s approach, which uses the convex hull of
demand vectors as uncertainty set, with chance-constrained and
recourse methods. They show that the RO approach, which has
often the reputation of being too conservative, achieves the same
costs as stochastic programming for demands deviating from nom-
inal values by 10 to 15%.

Gounarisetal.[25] study a more generic case with demands sup-
ported on a polyhedron. Robust versions are described for the MTZ,
the Two-index Vehicle Flow (2VF), and the one and two-commodity
flow formulations. A robust counterpart of the Rounded Capacity
Inequalities (RCI) is also derived. On instances with 15-135 cus-
tomers, using CPLEX, the 2VF model reinforced by RCI cuts can solve
to optimality most instances up to 50 nodes.

Three other papers deal with uncertain demands. Moghaddam
et al. [40] use Particle Swarm Optimization (PSO), with one term
favoring a balanced loading of vehicles in the objective function.
Compared with Sungur et al. exact method [49], all instances can
be solved with an average saving of 7%, provided one or two unmet
demands are tolerated.
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Noorizadegan et al. [42] select the heterogeneous fixed-fleet
VRP and develop a MILP based on three-index variables xg. (equal to
1 if arc (i,j) is used by vehicle k) and MTZ subtour elimination con-
straints. There again, tractable robust formulations affecting only
the right-hand side of these constraints can be developed for three
uncertainty frameworks: Ben-Tal and Nemirovski [7], Bertsimas
and Sim [9] and chance-constrained programming. The obtained
models are compared on instances with 20 clients using CPLEX.

Erbao et al. [13] address the robust Open VRP, where vehicles
do not return to the depot after the last customer. A three-index
MILP with MTZ constraints is given, without being used in numer-
ical evaluations. A differential evolution algorithm (a population
metaheuristic) is made robust using four simple rules, including
the load balancing system of Moghaddam et al. [40]. The result-
ing heuristics are compared using 16 classical OVRP instances
with 50-199 customers, modified by augmenting the demands
randomly between 0 and 10%.

A few research works have dealt with uncertain travel costs or
times. Agra et al. [ 1] address an uncapacitated VRP with time win-
dows raised by maritime transportation. Travel costs and times are
asymmetric and depend on the vessel used. The goal is to find a
least-cost set of routes respecting time windows and feasible for
all travel times in a given uncertainty polytope. Two new formula-
tions are proposed and solved by ad-hoc decomposition algorithms,
made more efficient if the “budget of uncertainty” approach of Bert-
simas and Sim [9] is used. Instances with 20-50 nodes can be solved
exactly in 30 min on a 2.5 GHz PC.

An approach between robust optimization and stochastic pro-
gramming is proposed by Han et al. [26] for the uncapacitated VRP
with uncertain travel times. A set of time intervals is associated with
each arc. A scenario is defined by selecting for each arc one interval
according to a given probability, e.g., the travel on a road can last
10-15 min if traffic is normal (probability 30%) or 25-30 min in case
of congestion (probability 70%). The idea is to find for each scenario
arobust solution, minimizing the worst cost over the selected inter-
vals, and then a solution with minimum expected cost. A branch
and cut algorithm is developed and tested on instances with 10-25
customers and 2 intervals per arc. Toklu et al. [51] tackle the CVRP
with uncertain travel costs defined by intervals. They adopt the
approach from Bertsimas and Sim [9] to perturb a limited number
I" of arc costs. Their solution method is an ant colony system (an eli-
tist form of ant colony optimization), tested on instances with 100
or 150 customers. The same authors improve their results in [52]
using several ant systems to build a pool of robust and diversified
solutions.

Finally, uncertainties on both travel times and demands are
considered by Lee et al. [35] for a VRP with customer deadlines.
A budget of uncertainty is defined by limiting the sum of devi-
ations of travel times and demands to their nominal values. A
set-partitioning formulation is proposed and solved via column
generation. The uncertainties are limited to the column generation
subproblem, solved using a robust version of a shortest path algo-
rithm with resource constraints. Instances with 20-40 customers
are solved to optimality.

3. Motivation, problem definition and mathematical model

Summarizing the literature review, most works on robust vehi-
cle routing develop min-max models which are directly solved via
MIP solvers. As the deterministic versions are already NP-hard, this
approach is limited to 50 customers. Only four metaheuristics, all
based on interval scenarios, were published for larger instances.
Our contribution is (a) to study a new kind of RVRP with discrete
scenarios and uncertain arc costs, (b) to optimize a lexicographic
min-max criterion to break ties when two scenarios give the same

worst cost, (¢) to propose a mathematical model, and (d) to develop
constructive heuristics and metaheuristics.

The mathematical model is mainly provided as a compact and
unambiguous specification for the problem. It is derived from a
model proposed by Kulkarni and Bhave [31] for the classical capac-
itated VRP (without uncertainties), but it is extended here to handle
multiple scenarios and optimize a different objective function. The
model has really been implemented and tested, in Section 8. Only
small instances can be solved to optimality, but the model is useful
to show that our metaheuristics can retrieve most optimal solutions
on such instances.

Concerning proposed algorithms, we first designed constructive
heuristics, to provide the other methods with good initial solutions.
They are also useful for tackling large instances in reasonable run-
ning times. Then we elaborated a local search procedure, which
can be used either to improve the solutions obtained by the sim-
ple heuristics or to serve for intensification in our metaheuristics,
which are based on the GRASP and ILS frameworks.

The Robust Vehicle Routing Problem (RVRP) addressed here can
be defined as follows. As the two directions of a road can be dif-
ferently affected when traffic is perturbed, we consider a complete
but loopless directed graph G=(V, A), while the CVRP is defined
on an undirected network. V denotes the node-set, with one depot
(node 0) and n customers with positive demands g;, while A= {(i,
Jj)1i,jeV,i # j} stands for the arc-set. A fleet of m identical vehicles
with capacity Q is based at the depot.

Instead of being random variables, the uncertain arc costs are
modelled by a set of p discrete scenarios S={1, 2,...p}, where each
scenario k defines one non-negative cost cg for each arc (i,j) € A. Let
F define the set of feasible solutions. Like in the CVRP, a solution
weF is a set of routes: each route is done by one vehicle which
leaves the depot, serves a subset of customers whose total demand
does not exceed Q, and returns to the depot.

Let cost(w, k) be the cost of solution w for scenario k, i.e., the
total cost of the routes with the arc costs of this scenario. Define
cost(w)=(cost(w, 1), cost(w, 2), .. ., cost(w, p)) as the vector of costs
for all scenarios, and worst(w)=max {cost(w, k)| ke S} the worst
cost. The goal of our mathematical model is to determine a solu-
tion " minimizing this worst cost over all scenarios, i.e., such that
" =argmin {worst(w) | w € F}. We show in the next section how to
solve iteratively the lexicographic min-max version. As the CVRP,
known to be NP-hard, is the RVRP with one scenario (p=1), the
RVRP is also NP-hard.

The RVRP can be specified by the following compact MILP, in
which no vehicle index is required. The routes are defined by binary
variables x;;, equal to 1 if and only if arc (i, j) is used in the solu-
tion. The resulting trips can be visualized by plotting the nodes and
drawing one segment from node i to node j if x;; = 1. Constraints (3)
and (4) mean that one arc is used to reach and leave each client. The
maximum fleet size is guaranteed via constraints (5). Inequalities
(6) and (7) generalize the MTZ subtour-elimination constraints for
the Traveling Salesman Problem (TSP) [39]. Assuming that g; is a
collected quantity, t; is the vehicle load when leaving i. If arc (i, j) is
not used, the constraint (7) for this arc becomes t; — t; <Q—g; and
is trivially satisfied: as t; <Q and t; > g; via (6), the left-hand side
cannot exceed Q — gj.

min z=34§ (1)
Zc!}xijfévlces (2)
(i,j)eA

D Xi=1V ieV\(0) 3)
jev
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inj =1V ieV\(0} (4)
jev

Y xoi=m (5)
ieV\{0}

gG<t<Q VY icV\{0} (6)
X €{0,1} V (i,j)eA (8)
§>0 9)

Consider now aroute (rq, 13, . .., I'y), which means x, .., = 1 for
i=1,2,...,u—1: constraints (6) and (7) hold by setting for instance
tr, =0and t;, =t , +qr, fori=2,3, ..., u. Vehicle capacity is also
respected since ¢, < Q from (6). The binary variables are declared
in (8). The other equations lead to a min-max version. In (2), the
total cost of the arcs used for each scenario is bounded above by
the variable &, defined in constraint (9). The goal (1) is to minimize
é.

4. Lexicographic min-max robustness criterion

Preliminary tests with heuristics minimizing the worst cost
gave mitigated results. Indeed, several moves can induce the same
decrease in the worst cost and cannot be distinguished. However, a
move with no effect on the worst cost can improve the second worst
cost, the third one, etc., which suggests a lexicographic approach
to determine which move is the best.

The lexicographic min-max criterion, see Ogryczak [44], has sev-
eral interests. First, it gives the same worst cost as the classical
min-max approach. Second, the solution offers a better protec-
tion against the second worst scenario, the third one, etc. Third,
an optimal solution for this criterion is also Pareto-optimal for the
multi-objective version of the problem, each objective being the
total cost of the routes for one scenario [44]. Fourth, we observed a
positive effect on the worst cost in local search procedures: while
a search based on the min-max criterion is blocked as soon as no
move improves the worst cost, the decrease of the worst cost can
often restart after a few moves which reduce the other costs.

Our MILP of Section 3 can be solved lexicographically in p itera-
tions. The firstiteration solves the min-max version to get the worst
scenario i and its cost z%. The worst scenario is the one for which
constraint (2)is tight. The second iteration solves the min-max ver-
sion with the set of scenarios S\ {r} and the additional constraint
8 < zi,etc.

In heuristics, lexicographic comparisons must be done explic-
itly. Using the notation of Section 3, consider one solution w with
its cost vector cost(w) and build a vector V(w) by sorting the com-
ponents of cost(w) in non-increasing order of costs. If V(w, k) is the
k-th component of V(w), we have worst(w)=V(w, 1). Solution w is
strictly better than solution «’ if and only if V(w) is lexicographi-
cally smaller than V(w’), denoted as V(w)<V(w'). The comparison,
done like words in a dictionary, is specified in Algorithm 1.

Algorithm 1. Lexicographic comparison of two solutions for p

scenarios.

1: function better (w, ®') : boolean

2 k<1

3 while (k <p) and (V(w, k)=V(w', k)) do k < k+1 end while
4: better < (k <p) and (V(w, k) < V(@', k))

5 end function

All our algorithms use lexicographic comparisons to select the
best move among a set of candidates. For example, consider a
classical operation, cheapest insertion, and one solution « with
cost(w)=(10, 20, 30). Its lexicographic vector is V(w)=(30, 20, 10),
with a worst cost worst(w)=V(w, 1)=30 reached in scenario 3. If

customer i is inserted between nodes u and v in one trip, the cost
variation for scenario k is Ay =ck, +ck —ck,. Let A denote the
cost variation vector for the p scenarios and compare one inser-
tion w — @’ with A’=(15, 16, 4), and one w — @” with A”=(16, 12,
6). The resulting solutions are such that cost(«w’)=(25, 36, 34) and
cost(w”)=(26, 32, 36). They have the same worst cost (36), even if
it is now reached by scenario 2 for '. The lexicographic vectors
are V(w')=(36, 34, 25) and V(w")=(36, 32, 26). As V(w") < V(«'), the
second insertion will be preferred.

In alocal search for a minimization problem, an improving move
must reduce the cost of the incumbent solution. Here, a move with-
out effect on the worst cost is accepted if it gives a lexicographically
better solution. For instance, consider again w with cost(w)=(10,
20,30) and V(w)=(30, 20, 10). Amove w — o’ with A’=(2, —3,2)is
rejected because its degrades the worst cost. If A’ =(2, -3, —1),itis
accepted like in a classical local search since the objective function
(the worst cost) is improved. Finally, if A=(9, —1, 0), the worst
cost is unchanged but the move is accepted since V(w’)=(30, 19,
19)<V(w)=(30, 20, 10).

In the CVRP, most moves can be evaluated in O(1) on the basis of
cost variations, e.g., cfji + cﬁ/ — ck, in our previous example for node
insertion. In the RVRP, the complexity becomes O(p log p) because
of the sorting algorithm required to get the lexicographic vector.

5. Greedy heuristics

We tried first insertion heuristics, but these methods which
work well on the CVRP collapse for multiple scenarios. We finally
adapted the CVRP heuristic from Clarke and Wright (CW) [15], and
derived also a randomized version RCW for our multi-start meta-
heuristics. From now on, it is assumed that a RVRP solution w is
encoded as an array of trips, while each trip, identified by its index,
is stored as a list of customers between two copies of the depot.

5.1. Clarke and Wright heuristic for the RVRP

The original version of CW for the CVRP begins with a trivial
solution composed of one dedicated trip for each customer (the
“daisy”) and then performs mergers (concatenations) of two trips
in order to minimize the cost variation at each iteration. For one
route with last customer i and another with first customer j, this
cost variation c¢;; — cjg — Co; only depends on i, j and the depot. In
parallel, each concatenation saves one vehicle.

An efficient implementation for the CVRP consists in sorting the
n(n —1)/2 edges of the undirected graph in increasing order of cost
variation, giving a list A. This step is possible in O(n? logn). Then
each edge (i, j) of A is tested: if i and j are still at the extremities of
two distinct routes whose total load does not exceed Q, then these
two routes are merged. These tests cost O(1) and the merger itself
O(n). As at most n — 1 mergers are executed during the algorithm,
the total complexity is dominated by the initial sort in O(n2 logn).

For the RVRP, CW is more involved due to the directed graph
and the scenarios, see Algorithm 2. There are eight ways to merge
two trips T and U: If T is the reversal of trip T, we have to test four
cases (T, U), (T, U), (T, U)and (T, 0), plus four others by exchanging
T and U. Four cases are enough in the CVRP, since for instance (T,
U) and (U, T) have the same cost. Moreover, each merger must be
evaluated for each scenario and the best merger is the one giving a
solution with a minimum lexicographic vector. Finally, sorting the
arcs at the beginning brings nothing because in the RVRP the route
costs intervene in cost variations.

Algorithm 2. Clarke and Wright heuristic for the RVRP - CW ().
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1: compute the initial solution @ with one route per customer and set
nbtrips(w) to n

2: prepare all pre-computed data

3: repeat

4: compute the lexicographic vector V()

5: set Whes; to (00, o0, . .., o0) and found to false

6: for each trip index T of w do

7 i, j« first and last customers of T

8 for each trip index U of w such that U # T and load(T) +load(U) <Q do

9: found < true

10: u, v < first and last customers of U

11: ctu < cost(T) + cost(U) [[Total cost of T and U, to shorten formulas

12: |/ evaluate concatenation (T, U)

13: for k < 1 to p do W), < cost(k) — ctu + b(T, k, j) + C}; +a(U, k,u)
end for

14: sort W in decreasing cost order

15: if W< Whes then Wiese < W These < T Upest < U end if

16: /| evaluate concatenation (T, U)

17: for k < 1 to p do Wy, < cost(k) — ctu + b(T, k, j) + c}f] +a(0, k,v)
end for

18: sort W in decreasing cost order

19: if W< Wy then Wiesy < W, Thesp < T; Upess < — U end if

20: /| evaluate concatenation (T, U)

21: for k < 1 to p do W, < cost(k) — ctu+ b(T, k, i)+ ck +a(U, k, u)
end for

22: sort W in decreasing cost order

23: if W< Wy then Wiegy < W, Thesp < — T; Upese < U end if

24: /| evaluate concatenation (T, U)

25: for k < 1 to p do W, < cost(k) — ctu + b(T, k, i) + ¢k +a(U, k, v)
end for

26: sort W in decreasing cost order

27: if W< Wies then Wyese < W; Thos < — T Upesr < — U end if

28: end for

29: end for

30: if found and (Whyes < V(@) or nbtrips(w)>m) then

31: if Thest <O then Tyege < — Theses invert trip Tpes endif

32: if Upese <0 then Upes < — Upese; invert trip Upese endif

33: concatenate the clients of Uy, at the end of Tjs then delete trip Upes

34: update pre-computed data for trips Tpes; and These

35: endif

36: until (not found)

In lines 1-2, CW builds the initial solution w (daisy) and pre-
computes four types of data: the number of trips, nbtrips(w), the
load of route T, load(T), the cost of trip Tbefore customeriin scenario
k, b(T, k, i), and the cost after i, a(T, k, i). The parameter w is implicit
in the three last symbols, to make the notation lighter. These data
are also prepared for the inverted trip T. Fig. 1 shows on two cases
of mergers how these data can be used.

Then, each iteration of the repeat loop browses all pairs of dis-
tinct trips (T, U) and searches for the best pair (lexicographically),
even if this leads to a degraded solution. A boolean found is set to
true if a feasible merger is detected.

For a given pair (T, U), only the first four cases of mergers are
evaluated since the pair (U, T) is inspected by another iteration. For
each case, CW determines the cost vector W of the resulting solu-
tion and sorts it to get the lexicographic vector. When improved,
the lexicographic vector of the best merger (Wp,s) is updated and
the corresponding pair of route indexes (Tyeg, Upest) is recorded,
multiplied by —1 to remember that a route must be inverted. A
detail is not mentioned in the algorithm to reduce its number of
lines: the for loops which compute W lines 13, 17, 21, and 25
are exit if Wy, > Wp,s(1). This simple condition is sufficient to say
that the merger tested is not better than the best one found so
far.

In lines 30-35, provided feasible mergers have been detected
(found =true), the best merger is executed if it improves the incum-
bent solution or if fleet size is exceeded. In other words, we accept
degrading mergers, but only to avoid vehicles in excess. The cus-
tomers of trip Up,, are moved at the end of Ty, Upe is deleted and
the pre-computations updated for Ty, only. The main loop stops
when it finds no feasible merger.

Note that more than m vehicles can be used at the end, but
we have never seen this case on the instances tested which,
like all CVRP benchmarks, satisfy the necessary condition m >
r Zqui/Q]. Should this occur, the local search in the next section
can save vehicles by moving their customers to different trips. Any-
way, determining if there exists a solution with at most m vehicles
is a bin-packing problem, which is already NP-hard.

The initial daisy and all pre-computations can be done in O(np).
There are at most n — 1 main iterations, when all routes are merged
into one TSP tour. At each iteration, O(n?) pairs (T, U) are inspected
and each pair is evaluated in O(p log p) due to the sorting algorithm.
The complexity to execute the best merger is negligible: the two
routes are inverted (if necessary) and concatenated in O(n) while
pre-computations are updated in O(p) only for trips Thesr and Tpec.
Hence, CW runs in O(n3p logp) for the RVRP, instead of O(n? logn)
for the CVRP.

5.2. Randomized version

As two of our metaheuristics perform multiple restarts, we also
designed a randomized version RCW (Randomized CW) to provide
them with initial solutions. Randomness is introduced by per-
turbing the solution costs, evaluated for each possible merger in
Algorithm 2. We fix a perturbation level 6 and compute before each
merger evaluation a random number p ranging from 0 to 6 percent
of current solution cost. Finally, p is added to W, k=1, 2, ..., p.
The random generator is initialized with a fixed seed, to get repro-
ducible results, and the algorithm is nested in a main loop doing a
given number of iterations ncalls, without resetting the generator.
The resulting procedure is invoked by a RCW (6, ncalls, w) statement.

6. Local search procedure

Our metaheuristics call the local search LS of Algorithm 3. Each
main iteration (lines 2-17) seeks the best improving move and
stops when no such move exists. The inner loops (lines 4-12)
browse each trip T, each node i in T, each trip U and each node j
in U. The nodes can be customers or the depot at the beginning
of the trips. If T=U, the procedure MovesOnOneTrip evaluates the
moves designed for a single trip, otherwise MovesOnTwoTrips tests
the moves affecting two distinct trips. The best improving move (if
any) is applied to the incumbent solution in line 14.

The pre-computations in line 1 are used to speed up move eval-
uations. They prepare the same data as in the CW heuristic for each
route T, each scenario k and each customer i in the route: the load
of the route, load(T), the cost to reach customer i, b(T, k, i), and the
cost to return to the depot after i, a(T, k, i). Additionally, we pre-
compute the cumulated quantity served up to customer i included,
load(T, i). The total complexity of these pre-computations is O(np).
After a move, they need to be updated only for the modified trips
(line 15).

MoveOnOneTrip evaluates the following moves on a given trip
T and two nodes i, j in T (note that vehicle capacity is always
respected):

¢ relocate node i after node j, if i is a customer,

¢ relocate i and the next node u (if both are customers) after node
J

e relocate with inversion: same move but i and u are swapped in
the reinsertion,

e interchanges: swap two strings with 1 or 2 customers, starting
respectively with i and j,

e 2-opt move: reverse the string of customers from i to j included
(j must be after i),
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Concatenation of trips 7"and U

New trip cost:

b(T,k,j)-i—c_ffu +a(U,k,u)

Concatenation of trips 7 and U but inverted

New trip cost:

b(T,k,i)+ck +a(U,k,u)

Fig. 1. Examples of mergers for a scenario k: (T, U) and (T, U).

e inverted 2-opt: the strings of customers before i and after j are
inverted (see Fig. 2).

Algorithm 3. Local search procedure - LS (w)

1: do the pre-computations for all trips

2: repeat

3: Initialize the lexicographic vector of the best move: Vyes < V(w)
4: for each trip T of w and each node i in T (except end-depot)do
5: for each trip U of w and each node j in U (except end-depot)do
6: if U=T then

7: MovesOnOneTrip (T, i, j, Vpest, best -move)

8: else

9: MovesOnTwoTrips (T, i, U, j, Vyest, best _move)

10: end if

11: end for

12: end for

13: if Vpese < V(@) (improving move found) then

14: apply best _move to the incumbent solution w

15: update pre-computations for the modified trips (one or two)
16: end if

17: until Vy,.s > V() (no improving move is found)

The strings in interchanges may have different lengths. Cost
variation formulas for relocations and interchanges look like the

cut

2-opt: reversal of subsequence i — j in trip 7'

New trip cost:
b(T, k,u)+ck +b(T,k,i)
—b(T,k, j)+ck +a(T,k,v)

ones for the CVRP. For instance, if customer i between nodes a and
b is relocated between nodes u and v (u # a), the cost variation
for scenario k is computed in O(1) as ¢k, — ck — ck + ¢k, + ck —ck,.
2-opt moves are more involved because the graph is directed and
the cost of a node string changes when reversed. However, the pre-
computations allow evaluations in constant time, as can be seen in
Fig. 2. Note that the inverted 2-opt move used here is irrelevant for
the CVRP, where arc costs are symmetric.

The moves scanned by MovesOnTwoTrips consider two given
trips T and U, one node i in T, and one node j in U. They must
check vehicle capacities before computing the cost variations. For
instance, load(T) — q; + q; < Q and load(U) + q; — q; must hold if i and
jinroutes T and U are exchanged. The moves on two trips are sim-
ilar to the ones on a single trip, except the 2-opt moves depicted
in Fig. 3. No reversal is required for the case on the left, also called
2-opt*. The case on the right involves reversals of two strings of
nodes.

The two procedures MovesOnOneTrip and MovesOnTwoTrips
evaluate each move like in Algorithm 4. They compute for each sce-
nario k the cost newcost(k) of the solution generated by the move.
Then the vector newcost is sorted to give a lexicographic vector Vyeyy.

cut

Inverted 2-opt: reversal of 0 > z and v —> 0
New trip cost:

b(T,ky)+ck +bT, k,j)
—b(T,k,i)+c*, +a(T k,u)

Fig. 2. 2-opt moves for one trip T and scenario k.
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2-opt move on two trips — Case A
Feasibility:
load (T ,i)+ load (U) - load (U ,u) < Q
load (U ,u)+ load (T')—load (T,i)<Q
New cost for T"and U:
b(T,k,i) +ck+bU,k,v)
+ b, k,u)+ck +a(T,k,j)

uj

2-opt move on two trips — Case B

Feasibility:
load(T,i)+load(U,u) < Q
load(T)—load(T,i)+load(U)—load(U,u) < Q

New cost for 7 and U:
b(T,k,i) + c,./; +bU ,k,u)
i .
+b(U.k,u)+c,, +a(T,k,j)

Fig. 3. 2-opt moves for two trips T and U and scenario k.

If this vector improves upon the best cost vector V. found so far,
we update V. and the associated move, best _move, to execute it
once all moves have been evaluated.

Each local search iteration browses O(n?) moves. Thanks to the
precomputations, each move can be evaluated in O(1) for each
scenario. However, deciding whether a move is improving or not
requires a sort of the p scenario costs and a lexicographic compar-
ison, like in the Clarke and Wright heuristic. Hence, a local search
doing 1 moves runs in O(un?plogp).

In line 4 of Algorithm 4, if for one scenario the new cost exceeds
the worst cost of current solution, the move is non-improving: we
can drop its evaluation and proceed with the next kind of move.
This avoids calling uselessly the sorting algorithm (line 6) and the
lexicographic comparison (line 7). During our tests with 10-30 sce-
narios, this simple trick has divided the running times by 15 on
average.

Algorithm 4. Evaluation of a move in MovesOneTrip and MovesT-

woTrips

1: if the move satisfies capacity constraints then

2: fork< 1topdo

3: compute newcost(k) the solution cost for scenario k if the move
were done

4 if newcost(k) > worst(w) then exit

5 end for

6: sort newcost in decreasing cost order giving Vyew

7: if View < Vpese then

8: update V}s and the kind of move, best -move

9: end if

10: end if

7. Four local search based metaheuristics

This section describes four metaheuristics combining one of our
two greedy heuristics (CW or RCW) and the local search LS: one
Greedy Randomized Adaptive Search Procedure (GRASP), one Iter-
ated Local Search (ILS), one Multi-Start ILS (MS-ILS) and another
MS-ILS alternating between two search spaces, TSP tours and RVRP
solutions. These metaheuristic frameworks were selected for their
simple general structure and their reduced number of components
and parameters. Moreover, assembling the same components into

different metaheuristic structures makes easier an appraisal of the
respective contributions of each structure.

7.1. Greedy randomized adaptive search procedure

With Simulated Annealing, GRASP is probably the simplest
metaheuristic [20]. It consists in sampling the search space using
a greedy randomized heuristic and applying local improvement to
the obtained solutions. Our GRASP for the RVRP performs a fixed
number of calls to the local search LS, ncalls. At the beginning, the
CW heuristic described in Section5 and the local search LS pre-
sented in Section 6 are executed to get a provisional best solution
w. This first call to a deterministic heuristic is not a standard feature
of GRASP but is justified here by the good results of CW. The other
iterations call the randomized Clarke and Wright heuristic RCW,
then LS, and update w if the resulting solution «’ is better. Recall
that 6 is a percentage defining the degree of randomness in RCW,
see Section 5.

7.2. Two ILS metaheuristics

While GRASP can be viewed as a random sampling of local
optima, ILS metaheuristics generate a sequence of local optima with
decreasing costs, by applying a perturbation operator and a local
search to a copy of the incumbent solution, see [36] for a tutorial.

Algorithm 5. Greedy Randomized Adaptive Search Procedure -
GRASP (0, ncalls, w)

1 initialize the random number generator with a fixed seed for reproducibility
2 W (w)

3 LS (w)

4: for calls < 2 to ncalls do

5: RCW (0, ')

6 LS (')

7 if V(0')<V(w) then o < o’ endif

8 endfor

Algorithm 6 describes a multi-start version (MS-ILS). Its main
loop (lines 3-19) launches nils successive ILS which return their
best solution '’ to update a global best solution w (line 18). The
first ILS starts from the solution computed by the Clarke and
Wright heuristic CW, while the next ones are initialized using the
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randomized version RCW (line 4). The local search LS is applied
to get the first local optimum (line 5). Then, each ILS performs
ncalls iterations (lines 7-17). Each iteration takes a copy «” of the
incumbent solution @’ and applies the perturbation procedure
(Perturb) and the local search. The search moves to the resulting
solution only in case of improvement (lines 11-12).

Algorithm 6. Multi-Start ILS — MS-ILS (6, nils, ncalls, minswaps,

maxswaps, )
1: initialize the random number generator with a fixed seed for
reproducibility

2 initialize the components of V(w) to co

3 for ils < 1 to nils do

4 if ils=1 then CW («’) else RCW (0, ') endif
5: LS (')

6: swaps < minswaps

7: for calls < 2 to ncalls do

8 W' <~

9: Perturb (", swaps)

10: LS (w")

11: if V(w")<V(w') then

12: ' "

13: swaps < minswaps

14: else

15: swaps < min(maxswaps, swaps+1)
16: end if

17: end for

18: if V(w')<V(w) then w < ' endif

19: end for

The perturbation procedure Perturb performs a given num-
ber (swaps) of random exchanges of customers, among the ones
respecting vehicle capacities. The perturbation level is adaptive
and varies between two bounds minswaps and maxswaps. At the
beginning of each ILS, the variable swaps is initialized to minswaps
(line 6). At each iteration, if the solution generated via perturbation
and local search does not outperform the current solution, swaps
is incremented, but without exceeding maxswaps, otherwise it is
reset to minswaps.

In Section 8 we test this MS-ILS and the more classical ILS struc-
ture obtained by setting nils to 1. The rationale behind MS-ILS is to
restart periodically an ILS from diversified solutions instead of los-
ing time in unproductive iterations. MS-ILS is also called GRASPxILS
since it can be viewed as a GRASP where the local search is replaced
by an ILS.

7.3. Multi-start ILS with giant tours

Beasley [5] explained how to partition optimally (subject to
the sequence) one TSP tour t=(7q, 72, ..., Tn), called giant
tour, into CVRP routes. The partitioning procedure called Split
relies on an auxiliary graph H=(Z, B), directed and acyclic. The
node-set Z contains one dummy node O and one node i per
customer. The arc-set B contains one arc (i—1, j) if the subse-
quence from t; to 7; (included) can make a feasible trip, i.e., if
its total load fits vehicle capacity. This arc is weighted by the trip
cost o,z +Z]u;ll Cry, 71 7+ Cr;,0- An optimal splitting of T corre-
sponds to a minimum-cost path from node 0 to node n in graph
H.

Neglected for a long time, this idea has been applied in the
last decade to powerful metaheuristics for various vehicle rout-
ing problems, as shown in a recent survey [48]. We propose for
the RVRP the MS-ILS with giant tours (MS-ILS-GT) of Algorithm 7,
which alternates between two search spaces, giant tours and RVRP
solutions.

Algorithm 7. MS-ILS with giant-tours — MS-ILS-GT (same header
as MS-ILS)

1: initialize the random number generator with a fixed seed for
reproducibility

2 initialize the components of V(w) to co

3 for ils < 1 to nils do

4: if ils=1 then CW (v') else RCW (6, ') endif

5: LS (')

6: Concat (', T')

7 swaps < minswaps

8: for calls < 2 to ncalls do

9: T <7

10: Perturb (1", swaps)

11: Split (v, "

12: LS (w")

13: if V(0")<V(w') then

14: W <~

15: Concat (', T')

16: swaps < minswaps

17: else

18: swaps < min(maxswaps, swaps + 1)
19: end if

20: end for

21: if V(w') < V(w) then o < ' endif
22: end for

Each iteration of the current ILS works on a pair (', t’), where '
is an RVRP solution and 7’ the giant tour obtained by concatenating
its routes (without depot copies) via the Concat procedure. A copy
t” of T’ is perturbed then split to give an RVRP solution «”, improved
by the local search. If w improves «’, the latter is updated and a new
giant tour 7’ is deduced using Concat, giving a pair («’', T’) for the
next iteration. The perturbation consists in random exchanges of
customers, like in ILS and MS-ILS, but applied to giant tours: no
capacity check is required.

Algorithm 8 describes a Split procedure for the RVRP, based on
the same auxiliary graph as in the CVRP but computing a shortest
path in the lexicographic sense. The auxiliary graph H is not built
explicitly. Each node i has a label (X, V) composed of two p-vectors.
X1i< is the cost for scenario k of the best path from node 0 to node
i. The components of X? and V? are set to zero (line 1) while those
of X' and Vi, i # 1, are initialized to a large value (line 2). The two
nested loops beginning lines 3 and 5 inspect each feasible route (0,
Ti, Ti+1, - - - Tj, 0) compatible with vehicle capacity and compute
its total demand W and its cost L for each scenario k (lines 6-12).
Recall that the subsequence corresponds to arc (i — 1, j) in H. A new
label (X, V) is built for the path obtained by appending this arc to
the best path for node i — 1. To do this, we compute X « Xi=1 4+ L
(line 14) and sort X in decreasing order of costs to get V (line 15).
If V < V/, we have found a better path to reach node j and the label
of j can be updated (lines 17-18).

Algorithm 8. Splitting procedure for one giant tour 7 - Split (7, ®)

1: X%, W «(0,0,...,0)

2: fori<—1tondo X,V «(co0, 0, ..., 00)end for
3: fori< 1tondo

4: ji

5: repeat

6: if i=j then

7: W «q(t;)

8: fork<1topdolL; ec(’jyfi +le<;10 end for
9: else

10: W W+q(1;)

11: fork<1topdolL, < L _CEH,U +CI§]‘—1~T]‘ +Cl;,-,0 end for
12: end if

13: if W<Q then

14: X< X141

15: sort X in non-increasing cost order to get V
16: if V < Vi then

17: ViV

18: X <X

19: end if

20: end if

21: until (j>n) or (W>Q)

22: end for
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(9,6) (5,2)

(11,12)
(12,11)

Fig. 4. Application of the splitting procedure to a giant tour with four customers.

At the end the lexicographic vector of the resulting RVRP solu-
tion w is V. The solution itself can be deduced by backtracking on
the shortest path, using a simple procedure described for instance
in [47].

Fig. 4 gives an example for a giant tour of 4 customers with
demands 3, 6, 2, 1, vehicles with capacity 10, and 2 scenarios. The
arcs model feasible trips, e.g., (0, 3) does not exist because a trip with
customers (1, 2, 3) would violate vehicle capacity. The values on
each arcare the costs for the two scenarios. The computed labels are
written under each node. The optimal lexicographic vector (12, 11)
corresponds to the shortest path (0, 1, 3, 4) with bold arcs. Hence,
the optimal splitting consists in three trips (0, 1, 0), (0, 2, 3, 0) and
(0, 4, 0).

As Splitinspects each feasible subsequence (t;, Tjs1, . . ., Tj), 0o(n?)
subsequences are tested in the worst case. As we have to sort X for
each arc, Split runs in O(n2p log p). In practice, the algorithm is faster
because many subsequences violate vehicle capacity.

8. Computational evaluation
8.1. Implementation and instances

Our algorithms are implemented in the Pascal-like language
Delphi and executed on a Dell Precision M6600 portable PC with
a 2.2 GHz Intel Core i7, 16 GB of RAM and Windows Professional.
The MILP of Section 3 is translated in the modeling language GNU
MathProg (a subset of AMPL) and solved using GLPK version 4.47
(www.gnu.org/software/glpk). Two sets of instances were ran-
domly generated. The first set, to compare our heuristics with the
MILP, contains 18 small instances with ne {10, 15, 20} customers,
me {2, 3} vehicles and p € {10, 20, 30} scenarios. The file names
have an n-m-p format. All demands g; and arc costs c!‘. are integers
randomly drawn in [1, 50]. Vehicle capacity Q is manually selected
to load the fleet between 80 and 90% of its capacity. Note that the
number of customers (10 to 20) is a typical limit to solve directly
a MILP for the CVRP. The second set gathers 24 larger files with
ne {50,100} and p € {10, 20}. The fleet size is m € {5, 10} for n=50
and m € {10, 20} for n=100. The two values of m for each problem
size correspond to 5 and 10 stops per route on average. The vehicle
capacity is Q=1,000 while the demands are random integers drawn
to use nearly 90% of fleet capacity, i.e., gror ~ 0.9 x mQ, qror denoting
the total demand. Each node i has its coordinates x; and y; randomly
selected in [0, 1000]. The arc costs are travel times proportional to
the Euclidean distance e;;. For each arc (i, j), e;; is first computed,
then the integer cost c!;. for each scenario k is drawn at random in
[ej;, (1+d/100) x e;;], where d € {10, 50, 100} is a maximum devia-
tion in percent to the baseline travel time, corresponding to three
growing levels of traffic perturbation. For instance, d=100 means
that travel times are doubled in the worst case. The file name for-
mat is the same as in the small instances, except that the value of d
is added at the end, e.g., 100-20-20-100 for n=100, m=p =20 and
d=100%.

All randomized algorithms are executed 10 times on each
instance. Although they really optimize the lexicographic min-max
criterion, our experiments in the two following subsections report
only the worst cost, to avoid huge tables of results with detailed
cost vectors.

8.2. Results on small instances

The MILP is given a time limit of 4h (14,400 seconds). The
randomized Clarke and Wright heuristic RCW performs ncalls = 50
iterations with a perturbation factor 6 =8% to randomize the sav-
ings. The four metaheuristics have the same computing budget of
5000 local optima, but 10initial solutions are used in the multi-start
versions MS-ILS and MS-ILS-GT. Hence, ncalls = 5000 for GRASP and
ILS, while nils = 10 and ncalls = 500 for MS-ILS and MS-ILS-GT. In the
two multi-start metaheuristics, RCW is also called with 8=8% to
provide initial solutions. The perturbation level (number of cus-
tomer exchanges) in the three ILS-based methods varies between
minswaps =1 and maxswaps = 3.

The detailed results are listed for each instance in Table A.1 (see
Appendix A). For the MIP are given the best lower bound LB, the best
solution cost z, the percentage gap (z/LB— 1) x 100 and the running
time in seconds t. Asterisks highlight proven optima while dashes
mean the time limit is reached. 10 out of 18 instances are solved
to optimality but no instance with n=20 customers and/or p=30
scenarios, except 10-3-30. For the Clarke and Wright heuristic CW,
only the solution value z is given because running times are neg-
ligible (less than 0.005 s). As the other heuristics are randomized
algorithms, we indicate for 10 runs the best cost found z;;,, the
average cost Zgyg and the average time per run in seconds, tqyg.

These detailed results are summarized in Table 1, using five per-
formance indicators averaged on the 18 instances: the minimum
and average percentage gaps to GLPK lower bound over the 10 runs
(these gaps are equal for the MILP and CW, which are tested using
a single run), the standard deviation of the 10 gaps (Std deviation),
the number of GLPK lower bounds retrieved by each heuristic (LB
hits) and the average running time per run in seconds.

GLPK finds 10 proven optima and achieves an average solution
gap close to 1% at the expense of a large running time. CW is very
fast but its results are surprisingly weak, with a gap around 17%:
according to our experience, this gap is rather close to 10% for the
CVRP. RCW/ corresponds to the solutions listed in Table A.1 for 50
iterations: the average deviation to LB drops to 7%. In fact, 3 itera-
tions are enough to outperform CW on average. We added the RCW,
column to show the indicators when 5000 iterations are granted:
even in these conditions, RCW which has no local search cannot
compete with the four metaheuristics.

The metaheuristics are very close to GLPK in terms of average
gap, while being much faster. All the 10 proven optima are retrieved
and three upper bounds are even improved (see instances 20-2-10,
20-2-30 and 20-3-30, with costs in boldface in Table A.1), which
explains that the minimum gap is slightly improved for MS-ILS and
MS-ILS-GT. Compared to ILS and MS-ILS, MS-ILS-GT lasts 50% more
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Table 1

Indicators for the 18 small instances - 10 runs with 5000 calls to the local search.
Indicator MILP cw RCW; RCW, GRASP ILS MS-ILS MS-ILS-GT
Min gap LB % 1.05 16.56 7.26 3.76 1.12 1.04 0.93 0.93
Avg gap LB % 1.05 16.56 9.73 5.27 1.62 1.42 1.22 1.29
Std deviation % - - 1.47 0.81 0.30 0.30 0.20 0.20
LB hits 10 0 1 5 10 10 10 10
Time (s) 9350.40 <0.005 0.06 5.49 7.71 2.33 2.33 3.25

Table 2

Indicators for the 24 large instances - 10 runs with 5000 calls to the local search.
Indicator w RCW GRASP ILS MS-ILS MS-ILS-GT
Min gap BS % 7.99 5.02 0.58 0.52 0.45 0.03
Avg gap BS % 7.99 6.22 0.88 1.28 0.93 0.20
Std deviation % - 0.63 0.19 0.51 0.32 0.13
BS hits 0 0 6 9 9 18
Time (s) 0.10 5.66 593.20 18.63 20.51 51.28

Table 3

Indicators for the 24 large instances - Same duration as MS-ILS-GT.
Indicator GRASP ILS MS-ILS MS-ILS-GT
Min gap BS % 0.96 0.21 0.41 0.03
Avg gap BS % 1.43 0.93 0.75 0.20
Std deviation % 0.27 0.49 0.21 0.13
BS hits 3 11 10 18
Time (s) 51.3 51.3 51.3 51.3

Table 4

Friedman test for the 24 large instances — 5000 calls to the local search.
Algorithm GRASP ILS MS-ILS MS-ILS-GT
Average rank 2.79 3.52 2.65 1.04
Sum of ranks S; 67 84.50 63.50 25.00
Sum of squared ranks 203.50 309.25 177.25 27.00
Indicator Ay B, T Fo.99,3,69
Value 717.00 678.60 47.09 4.07

because of its calls to the splitting procedure. GRASP is the slowest
metaheuristic, each of its 5000 calls to RCW needing O(n3plogp)
running time.

Summarizing, the tests on small instances show that our meta-
heuristics compete with a direct resolution of the MILP in terms
of solution quality and that ILS-based versions slightly outperform
GRASP while being 2.5-3.5 times faster, using the same number of
calls to the local search. However, the results of ILS-based versions
are very similar and, compared with MS-ILS, the splitting procedure
of MS-ILS-GT brings nothing here. The reason is that the auxiliary
graph contains too few feasible paths and only 2 or 3 arcs per path.

8.3. Results for large instances

The large instances are out of reach for the MILP: even in four
hours, GLPK is unable to improve the upper bound obtained by the
Clarke and Wright heuristic. This is why the MILP is excluded from
the tests on large instances. The parameters used are still ncalls = 50
for RCW, ncalls=5000 for ILS, nils=10 and ncalls =500 for MS-ILS
and MS-ILS-GT. However, we got better results using minswaps = 2
and maxswaps =4 (instead of 1 and 3) in the perturbations applied

Table 5

Pairwise test for the 24 large instances — 5000 calls to the local search.
[Si —S;l ILS MS-ILS MS-ILS-GT
GRASP 17.5 3.5 42
ILS 21 59.5
MS-ILS 38.5

by the three metaheuristics. The perturbation factor # randomiz-
ing the savings in RCW was 8% for the small instances because too
many iterations return identical solutions using smaller values. A
1% factor is enough on large instances.

The results are detailed in Table A.2 (see Appendix A) and sum-
marized in Table 2. The two tables have the same format as the ones
for small instances, except that the reference for the gaps is now
the best solution (BS) found for each benchmark problem during
our tests.

CW is still interesting for its small running time. The improve-
ment brought by randomization in RCW is less marked than on
small instances. The four metaheuristics can now be distinguished.
MS-ILS-GT is the best in terms of gaps and number of best solu-
tions found: apparently, using giant tours leads to better solutions
on large instances. GRASP, MS-ILS and ILS follow in this order in
terms of average gap. The statistical tests (Friedman test and pair-
wise tests) in the next subsection confirm with a confidence level of
1% that the best and worst methods are MS-ILS-GT and ILS (respec-
tively) but find no statistical difference between GRASP and MS-ILS.
The remarks about running times on small instances are still valid:
As the number of customers is now larger, the GRASP becomes
much slower than the other metaheuristics.

The metaheuristics have been evaluated up to now for 5000
local optima. As GRASP takes too much time, a natural question
is to wonder whether we come to the same ranking if the same
running time is allocated to each algorithm. Hence, we took the
running times achieved by MS-ILS-GT in Table A.2 and allocated the
same duration to GRASP, ILS and MS-ILS. The results are summa-
rized in Table 3. Using again the average gaps, we have the ranking
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Table 6
Indicators for the 7 CVRP instances - 10 runs with 5000 calls to the local search.
Indicator cw RCW GRASP ILS MS-ILS MS-ILS-GT
Min gap BS % 7.30 4.61 1.24 0.76 0.33 0.10
Avg gap BS % 7.30 5.69 2.45 0.97 1.52 0.35
Std deviation % - 0.61 0.73 0.13 0.69 0.18
BS hits 0 0 3 4 6
Time (s) 0.04 2.29 412.25 30.15 35.17 65.18

MS-ILS-GT < MS-ILS < ILS s GRASP, so this time GRASP becomes the
least efficient metaheuristic. This strict ordering is also confirmed
by the statistical tests, with a confidence level of 1%. Since the four
algorithms are assembled from the same basic bricks (randomized
heuristic RCW, perturbation procedure, local search), a first con-
clusion is that ILS-based structures offer a better search efficiency
than GRASP for the same execution time.

We can also see that ILS, which is the less stable method, can
be easily reinforced by doing multiple restarts (MS-ILS). Indeed,
restarting periodically the search from a new initial solution is
more profitable than prolongating uselessly a single search. Finally,
adding the cyclic alternation between giant tours and complete
RVRP solutions clearly brings an additional improvement. To the
best of our knowledge, this is the first time that the contribution of
atour-splitting approach to a metaheuristic structure (here MS-ILS)
is quantified.

8.4. Statistical tests

The optimality gap of an efficient metaheuristic follows rarely
a normal distribution: The algorithm cannot find less than 0% (and
this gap can be frequently achieved) then the probability increases
rapidly to a maximum and then slowly decreases with a long tail.
Conover [16] recommends non-parametric tests like the Friedman
test, which require no assumption about the underlying probability
distributions.

We detail here this test to compare our k=4 randomized meta-
heuristics (GRASP, ILS, MS-ILS, MS-ILS-GT) on our test bed of b=24
large instances, for the average costs of Table A.2 (5000 calls to the
local search). Let X;; denote the average cost of 10 runs achieved by
algorithm i on instance j. First, compute the ranks R;; of the Xj;, giv-
ing 1 to the best and k to the worst. Assign average ranks in case of
ties, e.g., 2.5 for two heuristics with the same cost and ranks 2 and

3. Then calculate the sum of ranks S; = Z?:1Rij for each heuristic
Jj, the mean of these squared sums B, = %Z]l.;]sjz and the sum of

squared ranks A, = EL ZJ’;RZ The test statistic is given by Eq.
(10).

2
LRSI ER7) a0

The null hypothesis (all heuristics have equivalent perform-
ances) can be rejected with a confidence level « if T, is greater
than the 1 -« quantile of the F distribution with k;=k—1 and
ky=(k—1)(b—1) degrees of freedom. The results are given in
Table 4. As T, >Fog9369 We can conclude with a confidence level
of 1% that the heuristics are not equivalent.

Pairwise tests must be applied to separate the heuristics. Calcu-
late the absolute difference of the sums of ranks of metaheuristics
i and j and declare i and j different if this difference exceeds the
critical value CV defined in Equation (11), where t;_, denotes the
1 — /2 quantile of the t distribution with (b—1)(k — 1) degrees of

freedom. The heuristic with the smallest sum of ranks is the best of
the two.

2b(A; — B)

b-1)k—1) an

|S,‘ —SJ| >(CV = tl—%

In our case, we find CV=13.69 and the differences in Table 5.
The significant differences (underlined) indicate that (a) MS-ILS-GT
dominates the other algorithms, (b) ILS is dominated by the others,
(c) MS-ILS and GRASP are not significantly different.

When the same running time is allocated to all metaheuristics
(results in Table 3), the statistical tests, not detailed here to save
space, find the following strict ordering, from the best method to
the worst: MS-ILS-GT, MS-ILS, ILS, GRASP. MS-ILS-GT is still the best
algorithm but, this time, GRASP becomes the worst performer.

8.5. Performance on CVRP instances

Our algorithms were not designed for the classical (non-robust)
CVRP but their performance can be easily checked by setting the
number of scenarios to 1. We selected for this purpose the 14 CMT
(Christofides-Mingozzi-Toth) instances (www.vrp-rep.org), which
include 7 instances with n e {50, 75, 100, 150, 1999} and m € {5,
7, 8,10, 12, 17}, plus the same instances with an additional maxi-
mum route duration. As our RVRP does not consider route duration
constraints, the test has been limited to the 7 unrestricted prob-
lems (instances 1 to 5, 11 and 12). The results are given in Table 6,
using the same format asin Table 2 (large RVRP instances), the same
conditions (5000 calls to the local search) and the same parameters.
The best solutions are here the proven optima recently found by an
exact method [45].

The four metaheuristics still perform well on the CVRP. The best
one, MS-ILS-GT, is even able to retrieve 6 out of 7 optima. GRASP
displays again the largest gaps and running time. Its longer dura-
tion comes from the O(n3) complexity of the RCW heuristic used to
sample the search space. As explained in Section 5.1, a faster imple-
mentation in O(n? logn) is possible for the CVRP, but we made no
changes in our RVRP codes. Another reason is that each perturbed
solution in ILS-based methods is reoptimized in a few moves by
the local search, while the independent solutions sampled by RCW
in GRASP require more moves on average. Hence, the average time
spent per call to the local search is greater in the GRASP.

9. Conclusion

This article has presented a pragmatic approach to compute
high-quality solutions for the robust CVRP with uncertain travel
costs defined by discrete scenarios. Indeed, most large cities have
a traffic control center which measures and records vehicle flows
in the streets. The accumulated data can be mined to provide many
real scenarios. The lexicographic min-max criterion selected pro-
tects the solutions against the worst scenario, like the min-max
approach, but also against the second worst scenario, the third
etc. Moreover, as this criterion gives an optimal solution which is
also Pareto-optimal for the multi-objective interpretation of the
problem, it is likely to be preferred by decision makers.
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The proposed algorithms join the very small family of meta-
heuristics published for robust vehicle routing problems. Ours are
compact and relatively simple since they share the same compo-
nents and require very few parameters. Their efficiency has been
confirmed using small RVRP instances and CVRP instances with
known optimal solutions. Although multiple scenarios and lexico-
graphic comparisons increase the complexities of initial heuristics
and local search moves (compared to the CVRP), the running times
remain reasonable.

Another interesting conclusion is that adding an alternation
between giant tours and RVRP solutions in MS-ILS brings a statis-
tically significant improvement. So, the RVRP can be added to the

E. Solano-Charris et al. / Applied Soft Computing 32 (2015) 518-531

This task will be probably more difficult because such algorithms
involve more components, whose respective contribution must be
isolated. Another possible direction for future research is to design
an exact approach for the RVRP, but the lexicographic min-max
objective function makes the task quite challenging.
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growing list of routing problems solved via this approach [48].
The positive impact of the giant tour approach should be con-
firmed on other metaheuristics like hybrid genetic algorithms.

Appendix A. Detailed results for each instance

see Tables A.1 and A.2.

Table A.1

Detailed results for the 18 small instances.

File MILP cw RCW GRASP ILS MS-ILS MS-ILS-GT

n-m-p  zj Zub Gap ¢ z Zmin Zavg tavg  Zmin Zavg tavg Zmin Zavg tavg  Zmin Zavg tavg  Zmin Zavg tavg
10-2-10 217 *217 0.00 8.2 263 228 2299 0.01 217 217.0 1.19 217 217.0 050 217 217.0 049 217 217.0 0.73
10-2-20 284 *284 0.00 322 305 285 2940 0.01 284 284.0 2.00 284 284.0 091 284 284.0 0091 284 284.0 1.16
10-2-30 301 *301 0.00 358 327 310 3154 0.02 301 301.0 2.98 301 301.0 1.39 301 301.0 1.36 301 301.0 1.78
15-2-10 346 *346 0.00 3132 412 375 3846 0.03 346 346.0 3.78 346 346.1 135 346 346.0 132 346 3460 1.76
15-2-20 373 *373 0.00 6560.0 420 398 404.7 0.05 373 373.0 6.35 373 373.1 236 373 3731 227 373 373.0 3.02
15-2-30 398 404 1.51 - 483 429 439.8 0.07 404 404.2 9.52 404 404.0 3.47 404 404.1 3.36 404 4040 455
20-2-10 419 423 0.95 - 523 465 480.2 0.06 422 428.1 9.14 422 4248 2.89 422 4234 2.87 422 4253 3.99
20-2-20 460 470 217 - 535 525 531.6 0.11 475 481.1 14.93 470 476.0 4.35 470 476.1 4.26 470 476.0 5.83
20-2-30 481 501 4.16 - 580 541 558.5 0.16 501 504.8 22.48 497 501.1 6.64 497 5003 6.70 497 501.0 9.06
10-3-10 255 *255 0.00 104 304 267 268.8 0.01 255 255.0 1.00 255 255.0 041 255 255.0 041 255 255.0 0.67
10-3-20 316 *316 0.00 247 356 316 3241 0.01 316 316.0 1.78 316 316.0 0.72 316 316.0 0.71 316 316.0 0.96
10-3-30 337 *337 0.00 38.9 367 342 346.0 0.02 337 337.0 2.58 337 337.0 1.13 337 337.0 1.12 337 337.0 144
15-3-10 381 *381 0.00 2200.0 439 412 429.3 0.02 381 384.1 3.35 381 384.0 0.79 381 381.0 0.80 381 381.0 148
15-3-20 399 *399 0.00 6871.0 454 412 4233 0.04 399 400.6 5.78 399 400.2 1.77 399 3994 1.75 399 4000 245
15-3-30 426 433 1.64 N 476 455 464.2 0.07 433 433.2 8.72 433 4346 2.50 433 433.0 2.61 433 4332 3.77
20-3-10 443 448 1.13 - 562 503 5145 0.06 448 456.6 8.47 453 456.3 2.05 448 450.2 2.09 448 4519 3.50
20-3-20 481 497 3.33 - 580 539 5559 0.11 497 504.0 13.83 501 503.5 3.35 497 5024 336 497 502.6 4.83
20-3-30 508 528 3.94 - 595 568 581.0 0.16 530 533.8 20.94 523 5295 542 523 5283 5.60 523 529.0 7.56
Table A.2

Detailed results for the 24 large instances.

File BS CWH RCWH ILS MS-ILS MS-ILS-GT

n—m—p—d z z t Zmin Zavg tavg Zmin Zavg tavg Zmin Zavg tavg Zmin Zavg tavg

50-5-10-10 8633 8986 0.02 8708 8814.9 0.89 8637 8637.0 8.77 8633 8636.2 9.04 8633 8635.0 19.34
50-5-10-50 9936 10687 0.02 10366 10519.0 0.92 9936 9947.9 8.01 9936 9948.2 8.95 9936 9936.0 21.40
50-5-10-100 11525 12544 0.02 11987 12268.9 0.95 11525 11572.8 9.61 11525 11542.6 10.02 11525 11525.0 21.83
50-5-20-10 7966 8453 0.03 8218 8288.9 1.69 7966 8089.9 8.79 7966 7972.3 9.22 7966 7966.0 22.64
50-5-20-50 10014 10609 0.03 10419 10556.1 1.76 10014 10014.0 9.12 10014 10015.0 10.24 10014 10014.0 24.93
50-5-20-100 10913 12099 0.03 11448 11607.3 1.73 10933 10979.8 9.82 10913 10933.5 10.78 10913 10923.0 25.97
50-10-10-10 10882 11469 0.02 11194 11243.0 0.83 10882 10885.2 6.86 10884 10889.7 7.76 10882 10882.0 18.26
50-10-10-50 12849 13861 0.02 13252 13471.6 0.86 12849 12909.9 7.88 12849 12859.0 8.30 12849 12849.0 19.40
50-10-10-100 16212 16852 0.02 16545 16821.3 0.85 16212 16243.0 7.95 16212 16219.8 839 16212 16212.0 20.04
50-10-20-10 11576 12043 0.03 11901 11988.9 1.53 11576 11679.1 8.27 11621 11630.7 8.87 11576 11590.6 21.18
50-10-20-50 14337 15089 0.03 14562 14718.4 1.58 14346 14371.0 8.01 14337 14349.0 9.07 14337 143385 21.82
50-10-20-100 15021 16775 0.03 15805 16067.6 1.62 15115 15131.3 10.51 15036 15105.7 10.59 15042 15076.2  27.81
100-10-10-10 12767 13535 0.13 13328 13490.1 730 12880 12966.7 2530 12863 12935.1 28.55 12767 12789.7 7335
100-10-10-50 15082 16863 0.13 16297 16622.0 7.31 15104 15454.1 27.78 15108 153454 3221 15082 150844 81.39
100-10-10-100 18198 20973 0.13 20213 20621.8 739 18473 18739.5 29.84 18358 18700.3 3296 18206 18280.7 89.97
100-10-20-10 13614 14648 0.24 14220 143454 1339 13806 14004.0 22.79 13779 13835.7 31.30 13614 13663.1 81.32
100-10-20-50 15876 16938 0.26 16938 16938.0 14.07 16204 16329.9 28.03 16160 16273.0 33.39 15890 15983.2 88.83
100-10-20-100 18373 21890 0.25 20573 20786.9 14.05 18510 19017.7  32.55 18703 18848.6  35.95 18397 18457.8 95.79
100-20-10-10 22234 22925 0.12 22925 229250 6.48 22293 224337 2478 22319 22423.0 2829 22252 22275.1 67.09
100-20-10-50 24690 26504 0.12 26202 264164 6.65 24895 25137.0 2541 24870 25077.2 2832 24690 247453 7287
100-20-10-100 29068 31711 0.13 31276 31597.5 6.92 29403 297754 27.70 29251 29566.1 30.72 29139 292433 76.33
100-20-20-10 19942 20582 0.22 20526 205756  12.32 19942 20008.2  26.43 19990 20082.0 3242 19942 199594 73.12
100-20-20-50 24715 27086 0.23 26287 26548.0 12.39 24972 25128.2 2853 24844 24992.1 32.77 24715 247589 7845
100-20-20-100 29223 32546 0.23 31815 32186.5 1245 29688 29833.3 2943 29602 298134 3420 29223 294674 87.48
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